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Abstract We examine the entropy of stationary nonequilibrium measures of boundary
driven symmetric simple exclusion processes. In contrast with the Gibbs—Shannon entropy
(Bahadoran in J. Stat. Phys. 126(4-5):1069-1082, 2007; Derrida et al. in J. Stat. Phys.
126(4-5):1083-1108, 2007), the entropy of nonequilibrium stationary states differs from
the entropy of local equilibrium states.
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1 Introduction

In the last decade important progress has been accomplished in the understanding of non-
equilibrium stationary states through the study of stochastic lattice gases ([4, 5, 8] and ref-
erences therein).

The simplest nontrivial example of such dynamics is the one-dimensional simple sym-
metric exclusion process on the finite lattice {1, 2, ..., N — 1} with particle reservoirs cou-
pled to the sites 1 and N — 1. In this model the microscopic states are described by the
vector n = (n(1), n(2),...,n(N — 1)), where n(i) = 1 if the site i is occupied and n(i) =0
if the site is empty. Each particle, independently from the others, perform a nearest-neighbor
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symmetric random walk with the convention that each time a particle attempts to jump to
a site already occupied the jump is suppressed. At the boundaries, particles are created and
destroyed in order for the density to be « at the left boundary and g at the right boundary,
0<a,Bp<l1.

We denote by ufx\” p the stationary state of this system which is a probability measure in
the space of configurations and which can be expressed in terms of a product of matrices
[9]. Since the particle number is the only conserved quantity in the bulk, in the scaling limit
N — 00,i/N — x € [0, 1], the system is described by a single density field p (x), x € (0, 1).
The typical density profile p(x) is the stationary solution of a partial differential equation
with boundary conditions. In the context of symmetric exclusion processes,

p(x)=a(l —x)+ Bx.

The nonequilibrium stationary states exhibit long range correlations [13] which are
responsible in the large deviations regime for the non locality of the free energy func-
tional [2, 9]. More precisely, if y stands for a density profile different from the typical one p,
the asymptotic probability of y is exponentially small and given by

1y o[y ()] ~ e NV,

where the so called nonequilibrium free energy V, g is a non local functional.

Since in equilibrium the probability of such large deviations is determined by the induced
change in the entropy, it is natural to investigate the entropy of nonequilibrium stationary
states.

Denote by & (v") the Gibbs—Shannon entropy of a state vV :

Sy (V) ==Y N logv" ),
n

where the sum is carried over all lattice configurations 7. Recently, Bahadoran [1] proved
that for a large class of stochastic lattice gases the Gibbs—Shannon entropy of nonequi-
librium stationary states has the same asymptotic behavior as the Gibbs—Shannon entropy
of local equilibrium states. In our context of boundary driven symmetric simple exclusion
processes this result can be stated as follows. Denote by vC’X p the product measure

N-1

v g(n) = 1_[ G/ N1 — ﬁ(i/N)]l—n(i).

i=1

Thus, at site i, independently from the other sites, we place a particle with probability
p(i/N) and leave the site empty with probability 1 — p(i/N). Bahadoran proved that

. 1 o1
i L&) = Jim L (L))

The long range correlations of the nonequilibrium stationary state is therefore not captured
by the Gibbs—Shannon entropy.

Derrida, Lebowitz and Speer [10] showed that for the symmetric simple exclusion
process the difference

G (1) — Sn(vap)
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converges as N — oo, and that the limit depends on the two points correlation functions.
Hence, the long range correlations appear in the first order correction to the Gibbs—Shannon
entropy.

In this article we examine the entropy of the stationary nonequilibrium states /LQ’ - Inthe
classical Boltzmann—Gibbs theory of equilibrium statistical mechanics [12], the steady state
,ué}’ (n) of a microstate 7 is given by

1
Zy(B)

O exp(—BH(n)) (1.1)

where § is the inverse of the temperature, H (1) the energy of n and Zy(B) the partition
function. The Boltzmann entropy is then defined as the limit, when the degrees of freedom N
of the system converges to infinity, of 1/N times the logarithm of the number of microstates
with a prescribed energy:

1 . _l _
S(E)_gx(lmlg%oN log(21{|H(n) NE|§8N}>,

n

where the summation is performed over all configurations 1 and where 1{A} is the indicator
of the set A. The pressure P (f) is defined by

. 1
P(p) = lim NB log Zy(B)
and the Boltzmann entropy is related to the pressure function by
S(E) = ti;gg{ﬂP(ﬂ) +BE}.

In view of (1.1) and by analogy, we define the energy of a microstate n as —log ué\fﬁ(n)
and the entropy of the stationary nonequilibrium measure MQI 5 DY

Sep(E) =§iilg)1v1LH;oN" 10g< >IN Mogpl ;) + E| < 8}).

neEQN

We propose in (2.5) a variational formula for the entropy function S, g in terms of the
nonequilibrium free energy V, g and the equilibrium Gibbs—Shannon entropy, that we con-
jecture to be valid for a large class of boundary driven stochastic lattice gases. This formula
is based on a strong form of local equilibrium, stated as assumption (H). We present in (2.9)
an explicit formula for the entropy function S, g and we show in (2.13) that it is strictly
concave, being the Legendre transform of a strictly concave function P, g, identified as the
nonequilibrium pressure. This last point is proved in Sect. 4.

In Sect. 3 we compute the entropy of stationary nonequilibrium measures of boundary
driven zero range processes and in Sect. 7 we show that the entropy of the nonequilibrium
stationary states u g is different from the entropy of the local equilibrium states v(y g In
Sect. 5, we determine the energy band and describe the density profiles with lowest and
largest energy. In Sect. 6, we examine the isentropic surfaces and in the appendix we show
that the strong form of local equilibrium holds for the symmetric simple exclusion process
by using the ideas of [9].
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2 Stationary Nonequilibrium Entropy Function

Fix an integer N > 1,0 <a < B <1 and let Ay :={1,..., N — 1}. Denote by Qy :=
{0, 1}A¥ the configuration space and by 7 the elements of Qy, so that n(x) =1, resp. 0, if
site x is occupied, resp. empty, for the configuration . We denote by ¢** the configuration
obtained from 1 by exchanging the occupation variables n(x) and n(y), i.e.
n(y) ifz=x,
(" n)(2) == n(x) ifz=y,
n ifz#x,y,

and by o*n the configuration obtained from 1 by flipping the configuration at x, i.e.

1—nk) ifz=x,
n(z) ifz #x.

(0" n)(2) := {

The one-dimensional boundary driven symmetric exclusion process is the Markov
process on 2y whose generator Ly can be decomposed as

Ly=Lon+L_n+Lyn,

where the generators Lo y, L_ n, L+ y act on functions f : Qy — R as

N-2

(Lo YD =D _[F(*"n) = F(m],

x=I

Loy ) ={a[l —nD)]+ 1 =)D} f(o'n) — F)],
(LinH={B[1=n(N=D]+1A=Bn(N—D}f(c""n)— fm)].

We denote by 7, the Markov process on €2y with generator L. Since the Markov process
n, is irreducible, for each N > 1, and 0 < o < 8 < 1 there exists a unique stationary state
denoted by 1) 5.

The entropy function S, g : Ry — {—o0} U [0, log2] associated to the nonequilibrium
stationary state ufxv g 1s defined by

| _
Sap(E) = lim lim = log > 1[N ogul ,n + E| < 8}

neEQN

whenever the limits exist. To keep notation simple, we sometimes denote S, g by S.
Note that we may include in the sum /Léxﬁ (n):

: : 1 N —1 N
Sap(E) = E + lim lim —log g, ([N~ logugs(n) + E| < 8}, @1
In particular,
Jop(E)=E — 8, g(E) 2.2)

is the large deviations rate function of the random variables —N~'log ufx (1) under the
probability measure s ;.
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At equilibrium « = B, the stationary state uff g 1s a Bernoulli product measure with den-
sity o and the entropy function is given by

2.3)

Sq(E) :=S¢w(E)=_S< E +log(1 —a) )

_logoz —log(1 — @)
where
s(@)=06logb + (1 —0)log(1 —0)

represents the Gibbs—Shannon entropy. This formula is valid for E in the energy band
[E_(x), E4 ()] where

E_(a) = —log{max(a, 1 — )}, E.(a) =—log{min(a, 1 — &) }.

In the case o = 1/2 the energy band is reduced to the point log2 and S;,,(log2) =log2.
Outside the energy band we have S, (E) = —oo.

Identity (2.3) can be derived from the large deviations principle for the random variable
—N~'log ufl‘fa (1), which in the equilibrium case is an average of i.i.d. random variables.

Denote by (-, -) the scalar product in L?([0, 1]). Let M be the set of measurable pro-
files m : [0, 1] — [0, 1] equipped with the topology induced by weak convergence, namely
m, — m in M if and only (m,,, G) — (m, G) for every continuous function G : [0, 1] - R.
For every m € M the nonequilibrium free energy [2, 9] V, g(m) of m is defined by

: [ !’
Va_ﬁ(m):/ {m(x)logm(x) I —m(x) F'(x) }dx,
0

1— lo lo
Fx) (1 =m@)log ; Iy
where F € C'([0, 1]) is the unique increasing solution of the non linear boundary value
problem

FU-F)’ (2.4)

F'=(m— F)42
FO)=a, F()=8.

To keep notation simple we frequently denote V,, g by V.
Decompose the set Ay into r = ¢~! adjacent intervals Kj,..., K, -1 of size ¢eN and
denote by M = (M|, ..., M,) the number of particles in each box. Let

V(M M) =) 1{ Y@ =M.,y 0 =M,}u5,ﬂ(n)
neQy xekKy xek,

be the probability to find M; particles in the interval K;, 1 < j <r. Denote by ,u;\’ ﬂ(-|M)
the probability measure 11} p conditioned to have M; particles in K, j =1,...,r. The set
of configurations 7 such that erK,- n(x)=M;, 1 < j <r,is denoted by Qy(M) and its
cardinality by Zy (M). We shall assume that forevery 0 <o <8 <1,

. 1
!El’(l)llglsolip s;ldp sup N|log{ZN(M)/L2{ﬂ(n|M)}| =0. (H)
g nesey (M)

We present in the appendix a formal derivation of this hypothesis.
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Assumption (H) states that the stationary state ,ugf p conditioned on the number of par-
ticles on macroscopic intervals is uniformly close in a logarithmic sense to the uniform
measure as the number of intervals increases. As we shall see, this alternative formulation
of local equilibrium plays a central role in the investigation of the entropy of stationary non-
equilibrium measures. The first main result of this article provides a variational formula for
the entropy function. We claim that forevery 0 <o <8 < 1, E > 0,

Sa.p(E) = sup {S(m) : Vo g(m) 4+ S(m) = E}, (2.5)

memM

where

1
S(m) = —/ s(m(x)) dx
0

This formula is a straightforward consequence of assumption (H) and the large devi-
ations for the nonequilibrium stationary state ug p- Indeed, we may rewrite ,u;\’ s(n) as
,ug’ s(MIM)v(M). Hence, by definition of the entropy and by assumption (H),

1 -1 -1
S(E) = 15%213%1}9 —log ; 1{|N""logv(M) — N'log Zy(M) + E| < §}.
nesin

The previous sum can be rewritten as

> ZyWDI{|N " logv(M) — N~'log Zy (M) + E| < 8}.
M

Recall that N~'logv(M) ~ —V (m) and that N~'log Zy (M) ~ S(m) where m(-) is the
macroscopic profile associated to M:

m= Zp, [, xieD) p=Mi/(Ne),  Ki=|{[Nx;l,...,[Nxiri] - 1}.

Since for a fixed & the sum over M has only a polynomial number of terms in N and since
Zy(M) is exponentially large in N, only the term which maximizes Zy (M) contributes.
The result follows.

Note that by [3, Theorem 4.1], the functional V, g 4 S is continuous in M.

2.1 The Nonequilibrium Pressure

Let A:R, - Ry, P:R— R be given by

dx
A(O)=Aup(0) = — 0 #0
a, 0 — o1/6° ’
X 1—x
o [X7+( )] 2.6)
Awp(0)
P(0) = P, p(0) :=0log . , 0#0,
B—a

P(0) = —log2. As we shall see in (2.13), P is the Legendre transform of the entropy func-
tion S and may thus be identified with the nonequilibrium pressure. An elementary compu-
tation shows that log A is strictly increasing on the intervals (—oo, 0) and (0, co0) and that
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1020 C. Bernardin, C. Landim

limy_, 40 log A(6) = Fo00. Moreover,

1 (#0114 x)log(l +x) — x1 A@®
P/(e):—/ dt+vlogl+x) —xloge | -y AO) 55
A(@)Qz (a/(1—a))? 1+X (.xl/9+1)()€971+.x9)1/9 ,3—(1

for 8 # 0, and
P/(O)—lo( 1 /5 dx )
8o ), a0/

We prove in Sect. 4 the following properties.
Lemma 2.1 The function P is a C? strictly concave function. Moreover,

Jim {P(©) —0Es}=0,  1im {P(®)—0P'®)} =0,

where

1 B dx
E+=E+(Ol,,3)=10g</3_a_/. min{x 1—36})7

. . 1 B dx
_= 7(01,,13)—0%('3_0,/& max{x,l—x})

It follows from this lemma that limg_, 1o, 0{P'(f) — Ex} = 0, and that for each E €
(E_, E,), there exists a unique 0 = 0(«, B8, E) € R such that

P'(6p) =E. (2.8)

Define the functions y1 : R — R, by

« \' (B
y_(9)=y_(06,/379)=min{<1_a> ’(m> }’
« \' (B
y+(9)=y+(a,ﬁ79)=ma"=(1—a> (W) ]

and let Wg = W, g £ : [y-(0€), y+(0r)] — [0, 1] be the monotone function given by

o dt
We(x) = —— .
=(x) A(OE)OE /[L/(l—a)]% (Y08 + 1) (1% =1 4 9)1/%

Clearly, Wg([e/(1 — a)]°2) = 0. On the other hand, the change of variables t =
[x/(1 — x)]°¢ shows that Wg([B/(1 — B)]1%€) =1 in view of the definition of A(6). Let
he @ [0,1] = [y_(8E), Y+ ()] be the inverse of Wy so that hg(0) = (a/(1 — )%,
he(1)=(B/(1 = B))E.

2.2 An Explicit Formula for S, g

We are now in a position to present an explicit formula for the entropy function S. We claim
that forevery O <o <8 <1, E_(a,B8) < E < E (a, B),

o he®
Sup(E) _S<71 +hE(x)>. 2.9)
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Indeed, consider the variational problem (2.5). Let € be the Lagrange multiplier and let
R(m, 0) be the function defined by

R(m,0) =S(m) —0{V (m) + S(m) — E}.

Since by [2, 9] (§V /ém) =log[m /(1 — m)] — log[F /(1 — F)], the conditions (§R/ém) =
dp R = 0 imply that

(F/[1 = F])’
m=-——————,
L+ (F/[1=F]’
(2.10)
1 F/(x)
/ :m(x)logF(x) + [1 —m(x)]log[l — F(x)] —log<ﬂ a>}dx =—F,
0 _

where F is the unique increasing solution of the non linear boundary value problem (2.4).
We report the first identity in (2.10) to (2.4) to get that

F" _ F971 _ (1 _ F)Qfl -
F' | (1=F)Yf+F¢ '

=1 (1_5)f-1

Since d/dz[0~ " log((1 — z)? +2%)] = ¢

o and (log F')' = F"/F’ we deduce from
the previous equation that c

1/6

F'=A[(1-F)’+F’] Q2.11)

for some positive constant A determined by the boundary conditions satisfied by F:

A_/l F/(x) J
~ o [A=Fy+ Fm

The change of variables y = F'(x) shows that A = A(0) is given by (2.6).
Recall the definition of y4 (6). Let go : [0, 1] — [y- (), y+(0)] be given by gy = (F/(1 —
F))? and observe that

g =A0)0(g)" +1)(g) " +25)"".

Define Uy : [y-(6), y+(6)] — [0, 1] by

1 o dt
Up(x) = ——
G(X) A(9)9 /(\a/(lfa))g (tl/e + 1)(1‘9_1 +t9)1/0

and remark that g, = U, .
In the second equation of (2.10) replacing m by gs/(1 + g¢) and F’ by the right hand
side of identity (2.11), we obtain that

L g } A(®)
- ——— o x) —log(l+go(x))dx —log—— =—
0/0 {ng(x) g86(x) —log(1 + g6 (x)) i
Performing the change of variables y = gy(x), we get that
1 ®/a=A)" 1 xlogx — (1+x)log(l A
—/ tlogx = (U +nlogl+0) 0, AO) __p (219
A(9)92 (a/(l—a))g 1 +x (.Xl/g + 1)(X971 +x9)1/9 ﬁ — o
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1022 C. Bernardin, C. Landim

In view of the explicit expression for P’, we may rewrite the previous identity as P'(6) = E.
Therefore, by (2.8), 0 = 0, and hence Uy = Wg, go = hg. Moreover, in view of (2.10),
the density profile m which solves the variational problem (2.5) is m = hg/[1 + hg]. This
proves (2.9).

2.3 A Variational Formula for S, g

We conclude this section showing that P, g is the Legendre transform of S, g and can there-
fore be identified with the nonequilibrium pressure.
Forevery0 <a <8 <1, E>0,

S(E) zgigﬂg{eE — P(0)}. (2.13)

If E belongs to the energy band (E_, E) the infimum is attained at ¢ given by (2.8) and
S(E)=0gE — P(6g).

Moreover, S(E+) =0and S(E)=—oc0if E¢[E_, E,].

By abuse of notation we shall call S the Legendre transform of P. Usually the Legendre
transform is defined as a supremum and involves convex functions. However, by taking a
minus sign we may transform convex functions into concave functions and supremums into
infimums.

The proof of (2.13) is simple. In Sect. 5 we show that S(E) = —oo outside [E_, E] and
that S(E+) = 0. On the other hand, by Lemma 2.1, 6 E — P(0) is a monotone non-decreasing
function for E > E . Hence, for E > E, infpcr{0E — P(0)} =limy_, {0 E — P(0)}. By
Lemma 2.1 again, {# E — P(0)} converges to —oo, 0 for £ > E., E = E, respectively.
Therefore, by the first observation of the proof, S(E) =inf{0 E — P(0)} for E > E . The
case £ < E_ is analogous.

By Lemma 2.1, limg_, +o{0 E — P(0)} = +oo for E € (E_, E;) and the function 6 —
OFE — P(0) is strictly convex on R. Hence, infl0E — P(0)} = 0gE — P(0g), where 0g
solves (2.8). We may rewrite this expression as 6g P'(0g) — P(6g). In view of (2.7), to
conclude the proof of (2.13) it remains to show that the first term on the right hand side of
(2.7) multiplied by 6 and computed at 6 = 6 coincides with (2.9). This can be shown by
performing the change of variables u = hg(x) in (2.9) and recalling that W is the inverse
of ]’lE .

It follows from (2.13) that S is concave and that P, the Legendre transform of the entropy,
can be identified with the pressure.

The equilibrium case can be recovered by letting « — f. In this case,

o 1 E +1log(l — )

P ) = gl (1= w)] B+ log@)
o

hg(x) = E + log(a)

3 Boundary Driven Zero Range Processes

We compute in this section the entropy of stationary nonequilibrium measures of boundary
driven zero range processes. The model is described by a positive integer variable n(x)
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Entropy of Stationary Nonequilibrium Measures of Boundary Driven 1023

representing the number of particles at site x € A y. The state space NAV is denoted Q. At
exponential times one particle jumps with rate g(n(x)) to one of the nearest-neighbor sites.
The function g : N — R, is increasing and g(0) = 0. We assume that the system interacts
with particle reservoirs at the boundary of Ay whose activity at the right is ¢, > 0 and at
the left is ¢_ > 0. The microscopic dynamics is defined by the generator

Ly=Lon+L_nN+LiN

where

N-2

Lonfm =Y {gm@)[ (T n) = f]+ g+ D)[F(T"*n) = Fa]}.

x=1
Lonfm)=gmM)[f(Srn)— f]+e-[f(STn)— fm].
Linfm=gmN—=D)[f(Sy_in)— F]+ e[ f(Sy_1m) — f].

in which

n(z) ifz#x,y,
(T™n)@ =3 n@ -1 ifz=x,
nx)+1 ifz=y

is the configuration obtained from n when a particle jumps from x to y, and

" @ if z #x,
(SM)(Z)—{W(Z)jEl o

is the configuration where we added (resp. subtracted) one particle at x. Note that, since
£(0) =0, the number of particles cannot become negative.

The invariant measures of the boundary driven zero range processes can be computed
explicitly. Let ¢y : Ay — R, be the linear interpolation between ¢_ and ¢, :

on(x) = (1 = %)w + S G.1)

The invariant measure mgf . is the product measure whose marginals are given by

2

_ 1 o () -
Z(pn(x) g()---gk)” ~ ~

mg—~(ﬂ+{n : n(x) = k}

where Z(¢) =1+ ., ©*/[g(1) - g(k)] is the normalization constant.
Denote by R : R, — R, the density of particle under the stationary state with activity
equal to ¢ on both boundaries:

1 ¢ 9Z'(p)
Rlp)=E,y [n(x)]= k = .
1wl A ; g)---gk)y  Z(gp)
and by ® : R, — R, the inverse of R:
d=R"
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1024 C. Bernardin, C. Landim

Under the stationary state, the typical density profile p : [0, 1] — R is the unique solu-
tion of the elliptic equation

AP (p) =0,
p(0) = R(p-), p(1) = R(p4),

where A stands for the Laplacian. As N 1 oo, the activity profile ¢y introduced in (3.1)
converges to ®(p):

lim ¢y = ®(p),
N—oo

where @y : [0, 1] — R is the function defined by ¢n (0) = ¢_, @y (x/N) = gy (x), x € Ay,
¢n (1) = ¢, and extended to the interval [0, 1] by linear interpolation.
The weight of a configuration n under the stationary state mf;’_y o, 18 given by

N-—1
my . (m=expy_{n(x)logey(x) —log[g(1)---g(n(x))] —log Z(pn (x))}.

x=1

In the special case where g(k) = 1{k > 1}, the weight m(’;’ﬁ o, () is a function of the empir-
ical density. Hence, if in this case we define for a profile p : [0, 1] - R,

1
Hy_ o, (0) :=/ p(x)log ®(p(x)) —log Z(®(p(x))) dx, (3.2)
0

we have that

Mg (p) o),

In general, the weight of a configuration is not a function of the empirical density but
a function of the field associated to the variables £(x) = n(x) — log[g(1)---g(n(x))]/
log gy (x).

The nonequilibrium free energy functional is easy to compute in the context of zero
range boundary driven systems since the stationary state is a product measure. A simple
computation shows that

2px) . 2@ X))
@ (p(x)) Z(®(p(x)))
To present an explicit formula for the entropy function in this context, we need to intro-

duce some notation borrowed from the theory of large deviations of i.i.d. random variables.
Fix ¢ > 0,let M : R — R, be given by

1
wa,w(p):/o‘ ,O(X)IOg

1 ¢* aFy(k)
M, (a) = o)
"= 7 ;} OGN

where F,(k) =k — [ogg]~'loglg(1)---g(k)], and let Ry(a) = M;](a)/M(p(a). The large
deviations rate function I, : R — R, for the mean of the i.i.d. random variables &(x) =
n(x) —[logg]~" log[g(1) --- g(n(x)], 1 <x < N —1, distributed according to m,) , is given
by

I,(x) =xR,"(x) —log M, (R, (x)).
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Entropy of Stationary Nonequilibrium Measures of Boundary Driven 1025

In the particular case where g(k) = 1{k > 1}, we get that Z(¢) = (1 — ¢)~", R(p) =
o/(1 = @), ®(p) =p/(1 + p), Fplk) =k, §(x) =n(x), My(a) = (1 — ¢)/(1 — pe*),
Ry(a) = e /[1 — pe?] so that

I,(x) = xlog% — (1 4+x)log(1+x) —log(1 —x)

) Z(®
=xlog ) _ log ( (x))- (3.3)
@ Z(p)
We emphasize that formulas (3.2) and (3.3) have been deduced only in the case g(k) =
1{k > 1}, and may not hold in general.
For each 0 < ¢_ < ¢, define the entropy function S,_ ,, : R — R by

1
Sp-p (B) =lim lim —log 3 1{|[N~"logmy., (n) + E| <5}

neQy

whenever the limits exist. We may introduce in the sum mf,}’ﬂ ¢, () to get that the entropy
function is equal to

E li li 1 1 N N711 N El <3
+3213)N1_I};oﬁ Ogm(ﬁvw” Ogmw,,w(ﬂ)*l- }_ }

N
P— ot
which are independent under m

Since logm (n) may be expressed in terms of the variables {§(x) : 1 <x < N — 1},

N

¢ .. » the large deviations principle gives that

1
S(p_’(p_*_ (E) —FE= —II)}f/ Iq>(/;(x))()\(x)) dx,
0

where the infimum is carried over all profiles X : [0, 1] — R such that

1
/0 A(x)log ®(p(x)) —log Z(P(p(x)))dx = —E.

In view of (3.3), (3.2), in the case where g(k) = 1{k > 1}, the entropy function becomes

1
Sy o (E)— E = —igf/ p(x)log 2PN _ 0, ZEWW) (3.4)

- og -
0 @ (p(x)) Z(P(p(x)))

where the infimum is carried over all density profiles p : [0,1] — R, such that
Hy_ 4. (p) = —E. Therefore, in the case g(k) = 1{k > 1}, where an explicit formula is
available, up to a linear term, S,_,, (E) is obtained by minimizing the free energy func-
tional V,,_ ,,, over all density profiles p with energy H,_,, () equal to —E.

Finally, if we define E«L-w . :R—Rby

e Z@) N o
S(E)_—lnf{/(; plog 5 —log 7@ () dx./o [p—p]logCID(p)dx_—E},

we obtain that
- 1
Sy p (EY=E+S, ,, (E + f {plog®(p) —log Z(®(p))} dx).
0
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1026 C. Bernardin, C. Landim

Note that §(E ) <0and §(0) = 0. As above, we stress that the identity (3.4) and all formulas
thereafter were derived in the case g(k) = 1{k > 1}.

4 The Nonequilibrium Pressure

We prove in this section Lemma 2.1. Recall the definition of the function P introduced in

(2.6). We first prove that P is strictly concave. A long and tedious computation concluded
with the change of variables # = x? /[x? + (1 — x)?] shows that for 6 # 0,

" 1 ? 2 1 i
PRO) = @/A s(1) o (dt) — 9—3<fA S(t)ue(dt)>

1 B
- — t(l—t)(log

02 Ja

2

¢ 2
1_[> o (dn), @.1

where A =af /[’ + (1 — )], B=p%/[8% + (1 — B)’],

1 1 1
o(dt) := ——my(t)dt, my(t):=
Z(6) 1(1=1) 7 + =

’

and Z(0) is a normalizing constant which makes 1y a probability measure on [A, B].

By Schwarz inequality, the first line of the expression of P” without #~3 is positive.
Therefore, P is strictly concave on the interval (—oo, 0). The strict concavity on the interval
(0, 0o) follows from the claim that forall > 0,0 <« < 8 < 1,

B B
f S(l‘)z.ue(df)—</ S(f)l/«e(df)>
A A

It is enough to prove that

B 2
// {S(t)—s(r)}zue(dr)ue(dt)<9f t(l—t)<log1t )Me(df)~
A<r<t<B A —1

Let H(@u) =0""{u""% 4 (1 — u)~'/%}. Assume that 6 # 1 and denote by R the primitive of
H givenby R(u) = (0 — 1) "{u'""% — (1 —u)'~!/}. Hence, by Schwarz inequality, the left
hand side of the previous inequality is bounded above by

/ / ( / {s/(m}zH(u)*'du)( / H(v)dv)ue(dr)ue(dt)
A<r<t<B r r

B u B
1 du{s'(u)}zH(u)_I/ dr/ dt mg(r)mg({R(t) — R(r)}.
A u

_Z2A

2

B ¢ 2
<0/ t(1 —t)(log ) we(dt). (4.2)

Since s'(r) = log[r/(1 — r)], to conclude the proof of Claim (4.2) for 6 ## 1, it remains to
show that

1 u B
E/ dr/ dtmg(rymg(){R(@) — R(r)} <1 4.3)
A u
foralld >0,0 #1and0<A<u<B < 1.
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The left hand side of the previous inequality can be written as
B 1 u u 1 B
/ my(t)R(t)dt — / mg(r)dr — / my(r)R(r)dr— / my(t)dt.
u Z A A VA u

We need to show that this expression is strictly bounded above by 1 for A <u < B.Let K
be a primitive of my R and rewrite the previous expression as

Japw) :=[K(B) — Ku)|Mu) — [Ku) — KA)][1-M®w)]
= K(BYM () + K(A)[1 - Mw)] — K @),
where M(u) = Z~! f[ L (r)dr. This expression represents the difference between the
convex combination of K (A) and K (B), with weights M (), 1 — M(u), and K (u). For

A <u < B, this difference is clearly absolutely bounded by the variation of K on the interval
[A, B]:

sup [Ja,3m)| < sup K(U)—AiIJEBK(v).

A<u<B A<v<B

Maximizing over 0 < A < B < 1, we get that

sup  |Ja pg(u)| < sup K(v)—oirvlglK(v).

0<A<u<B<l 0<v<l1

A simple computation shows that

0
K(t):—g

110g{t1/9 +1-n""}

In particular, for 6 # 1, K(0) = K(1) =0, K is symmetric around 1/2, K'(1/2) =0, K
decreases on the interval [0, 1/2] and increases on the interval [1/2, 1]. Its total variation on
the interval [0, 1] is therefore equal to —K (1/2) =[6/(0 — 1)]log2'~/Y =log2 < 1. This
proves (4.3) and therefore Claim (4.2) for 6 # 1. The proof for 6 = 1 is identical, the only
difference being the explicit expression for the primitives.

The behavior of P in a neighborhood of 0 is obtained through a simple Taylor expansion
of the integrand. We have

I
P(0) = —log2+6log I, —92]—2 +0(6%),
1

where

PR /ﬁ dx
T h—al), (=0

and

dx.

_ 1 /ﬁ [log x1* + [log(1 — x)]?
T2 -w ), Va(T—x)

This completes the proof of the strict concavity of P on R.
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1028 C. Bernardin, C. Landim

We now turn to the claim that
HETOC{P(Q) —0E}=0.
We consider the limit 6 1 oo, the other one being similar. By definition of P, we have to
prove that
A6
lim 9:10g<L> — E_} =0. 4.4
6—00 B—«a

A preliminary computation shows that limy_, o, log[A(8)/(B —a)] = E_.
The proof of (4.4) depends on the positions of & and S with respect to 1/2, the most
difficult case being when 0 <@ < 1/2 < < 1. Write A(0) as

2 dx 1 x 1\’ B dx 1 1—x\’
/ expy——log|[1+ [ —— +/ —expy——log| 14+ | —— .
o 1—x 0 1—x 12 X 0 X

We concentrate on the first integral. Since |e? — 1 — g| < (¢?/2)e!!, g € R, the first integral

is equal to
2 dx 1 ['? dx x ) 1
—— log| 1+ — —&(0),
/a 1—x 9/0, l—x0g|:+<1—x>]+928()

where () is a remainder absolutely bounded by [log2]?® for 6 > 1. The second inte-
gral in this expression vanishes as 6 1 oo by the dominated convergence theorem. Hence,
log[A(#)/(B—a)l=E_+0(#"), where fo(6~") vanishes as # 1 co. This proves (4.4).

We finally consider the last statement of the lemma. By (2.7) and by the change of vari-
ables x = u’, P(8) — 6 P’(#) is equal to

1 [®0=A" 1 xlogx — (14 x)log(l +x)
GA(Q) () (1—a))? 1+x (xl/g + 1)()(6_1 +)C0)1/6
_ 1 BN=F  du  u’logu® — (14 u®)log(1l + u’)
A©O) Joji—a (1+u) (1 4 uf)+11/01

dx

We examine the case 6 1 00, 0 < o < 1/2 < B, the other ones being simpler. Since A(6)
converges to a constant as 6 1 co, only the integral has to be estimated. By the dominated
convergence theorem,

lim 0
6— 00

/1 du  u’logu’ — (14 u’)log(1 +u’)
aft—a (1+u) (1 +uf)ti/e B

because the numerator vanishes as 8 1 co. On the other hand, the integral in the interval
[1, 8/(1 — B)] can be written as

_/ﬁ/l—f‘ du  log(1+u=?) +ulog(l 4+ u?)
| u(l+u) (1+u—0)1+[1/ej

By the dominated convergence theorem, this expression vanishes as 6 1 0o. This concludes
the proof of the lemma.
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5 Energy Band

In this section, we determine the energy band [E_, E ], i.e. the range of V + S. Recall that
M is the set of profiles m : [0, 1] — [0, 1] and let M, M_ be the set of profiles m of the
form m(x) = 1{[0, xo]}, m(x) = 1{[xo, 1]}, respectively, for some x, € [0, 1].

Lemma 5.1 Forevery0 <a <p <1,

sup {V(m) +S(m)} = sup {V(m)+S(m)} =E., (5.1
meM meMy

and the supremum is attained for a unique profile m € M.

Proof By [3, (2.11)],

V(m) +S(m) = sup G(m, F) (5.2)
FeF

where

1 F’'(x)
Gon Fy=- [ {m<x>logF<x>+[1—m(x)]log[l—”x)]‘l(’gﬁ a} "x’
0 -

and F is the set of all C! increasing functions F : [0, 1] — [0, 1] with boundary conditions
F(0) =«, F(1) = B. Moreover, the supremum is achieved at the unique solution F of the
boundary value problem (2.4).

We claim that for all F in F,

sup G(m, F) = sup G(@m, F). (5.3)
meM meMy

The first identity in (5.1) follows from this assertion. To check (5.3), fix F in F and note
that the supremum is achieved by m = 1{[0, x¢]} € M, where x = sup{x € [0, 1]; F(x) <
1/2}, because F is increasing. Of course xp = 1if § <1/2and xp =0ifa > 1/2.

We claim that the solutions of the variational problem (5.1) belong to M. Assume that
there exists my € M such that V (mg) + S(mg) = sup,,c ,{V (m) + S(m)}. Let Fy be the
unique solution of the boundary value problem (2.4) associated to my, let xo = sup{x €
[0, 1]; Fo(x) < 1/2},1let my = 1{[0, x0]}, and let F; be the solution of (2.4) associated to m;.
By (5.2),

G(my, Fo) < G(my, Fy) =V (m) +S(m).
By definition of m( and by (5.2), the previous expression is bounded above by

sup {V (m) +S(m)} = G(mo, Fy) < sup G(m, Fy) = Gmy, Fy),
mem mem
where the last identity follows from the argument presented in the previous paragraph. Since
the first and the last terms in this sequence of inequalities are the same, all terms are equal
and G(m,, Fy) = G(m,, Fy). Since, by (5.2), sup, G(m;, F) is uniquely attained at F = Fj,
Fy = F,. Therefore, in view of (2.4), m{ = my a.s.

Let m,, = 1{[0, xo]}, xo € [0, 1], and let F be the solution of the nonlinear boundary
value problem (2.4) with m = m,. On the interval [0, xo], F'(x) = ce®* for some a > 0, and
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on the interval [xo, 1], F(x) =1 — (1 — B)e*1=% for some A > 0. Since F must belong to
C'([0, 1]), a and A satisfy

{aae”xo = (1 — B)Aer—0),

ae®0 =1— (1 — B)et—0,

Thus,
axg _ A 17 eA(lfxo) — a 1 , (5.4)
a+Aa at+Al-g8
and therefore,
11 A 1 n 11 a 1 { 5.5)
—1lo — —lo — =1 .
a Blataa| " A Blara1—8

Moreover, since x, belongs to [0, 1], @, A must satisfy max{l — 8,1 —ae’} <a/(a+ A) <
min{l — o, (1 — B)e?}. Let f, g:[0,1] — R be given by f(x) = ae®™, g(x) =1— (1 —
Bet—) andlet h(x) = f(x) — g(x). Since i is convex and 0 < xo < 1, h(xg) = K’ (x9) =0,
h(0) >0, k(1) >0.Hence, 1 —a < (1 —B)e?, 1 —ae® <1 — B so that

a

<1l-o. (5.6)

1—8<
ﬂ_a—i-A_

By the explicit expression of F and by (5.4), (5.5), S(my,) + V (m,,) is equal to

1 / X 1
/ log{F(x)}dx—/ OlogF(x)dx—/ log(1 — F(x)) dx
0 0

IB - X0

D og( A1 toga+ 11 1 \iog A —log(f—a)
= —10 — oga — 10 A — 0, — 10, — ).
a0 B\axaa) BT A A1) " &

Therefore, by the concavity of the log function and by (5.4),
A 1 a 1
S(my,) + V(my,) < logylog Ataa + log atAl—p)| " log(B — a)

=log{1 4 (1=~ ! ] )
= Og{ °g[a+A< _a+A>a(1—ﬁ)“_ o8(f —a).

By (5.6), the previous expression is bounded by

p(l—p) _
pe[ls—l/lSI,)l—a]log{log[m] } B log(ﬂ B a) B E+’

where the last identity follows by a direct computation. The last supremum is realized for
p=1-gifg<1/2,forp=1/2ifa<l/2<Bandforp=1—-waif1/2 <a.

Up to this point, we proved that sup,, . ,{S(m) + V(m)} < E,. Assume that § < 1/2
and set xo = 1. In this case, by (5.4), a/(a + A) =1 — § and all inequalities in the pre-
vious argument are in fact identities. In particular, S(m;) + V(m) = sup,,c,{S(m) +
V(m)} = E,. Moreover, since log is a strictly concave function and since by (5.4)
a/(a+A) > (1 —p)forxy<1,Sim)+V(m) > S(mny,)+V(my,) for xo < 1. In the same,
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way, if @ > 1/2, S(mg) + V (mg) = sup,,c ,({S(m) + V(m)} = E; and S(img) + V (mg) >
S(my,) + V(my,) for xo > 0.
Finally, if « < 1/2 < 8, let x = log(2w)/ log[4a(1 — B)] and observe that

S(my) + V(my) = sup {S(m) + V(m)} = E,
meM
and that S(m,) + V (m,) > S(m,,) + V (my,) for xo # x. O

Lemma 5.2 Forevery0 <o <p <1,

migAfA{V(m) +S(m)} :ml'}ﬁ,{v(’”) +Sm)}=E_.

Proof Recall (5.2). Since for each F in F, G(-, F) is a continuous function for the weak
topology, V + S is lower semicontinuous. In view of the explicit expression of G and by
Jensen’s inequality, V + S is bounded below. Hence, there exists m € M such that V (mg) +
S(mo) = infyue p{V (m) + S(m)}.

Let E* =inf,ce pm{V (m)+S(m)} = infe pq Suppez G(m, F). This expression is bounded
below by supg. » inf, e G(m, F). By the explicit expression of G,

miélja G(m,F)=G@mp, F),

where m g belongs to M_. If o« > 1/2, § <1/2, mp =1, mp =0, respectively. Otherwise,
mp = 1{[xF, 1]}, where xF is the unique point where F is equal to 1/2.

Assume that & > 1/2. In this case, E* > sup,.-G(1, F) =V (1) +S1) > E*. To con-
clude the proof of the lemma it remains to compute sup. - G(1, F)) which can be done as
in the previous lemma. The case 8 < 1/2 is similar.

Assume that o < 1/2 < B. In this case we have that E* > supp.G(mp, F) =
SUPg_, <1 SUPrer, G(A{[x, 11}, F), where F, = {F € F: F(x) = 1/2}. Fix 0 <x < 1. In
each interval [0, x], [x, 1], the variational problem supz. - G (1{[x, 1]}, F) is similar to the
one in (5.2). In the interval [0, x] the solution F ¢ of this variational problem solves the dif-
ferential equation (2.4) with m = 0 and boundary conditions F(0) = «, F(x) = 1/2. Anal-
ogously, in the interval [x, 1] the solution F\ ; solves the differential equation (2.4) with
m = 1 and boundary conditions F(x) = 1/2, F(1) = B. These solutions can be computed
explicitly and one obtains that

Fx,o(y)zl—(l—a)exp{—wy}, 0<y=nx,
log(2
Fx,1<y>=ﬂexp{ (’lg(_f)(y—l)}, r<y<l,
sup G(1{[x, 11}, F) :xlogw + —x)logM —log(B — ).
FeF, X 1—x

Maximizing over x we deduce that x* =1log[2(1 — «)]/log[4(1 — &) B] is the optimal value

of x and that
. 1 F dx
E* >log .
B—a ), max{x,1—x}
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Moreover, a simple computation shows that for F ;*,O(x*) =F ;*vl(x*). Hence, the func-
tion G : [0, 1] — [«, B] defined by G(y) = Fi+o(y)1{y € [0, x*]} + Fux1(3)1{y € (x*, 1]}
belongs to F and solves the boundary value problem (2.4) for m = 1{[x*, 1]}. Hence, by
definition of E* and by (5.2)

E* < 5(1{[x 1) + vV (1", 11) =6(1{[+*.1]}. ©)

_ I 1
N Og{ﬂ—a/a max{x,l—x}}'

This proves the lemma and shows that a profile with minimum energy is given by

B { log[2(1 — )] }
Mmap=1] ————— 1|}
log[4(1 — )]

O
We proved in the previous lemma that
inf sup G(m, F)=sup inf G(m, F).
meM per FeFmeM
Fix 0 < o < B8 < 1 and assume that V (m) + S(m) = E*. Then,
m(l—m)=0 as. 6.7

Indeed, fix a profile m in M. Since V (m) + S(m) = G(m, F), where F is the solution
of 2.4),

[V +S](m) _ 8G(m, F) N 3G(m, F) 3F
Sm T Sm SF  8m’

Since F solves the Euler equation (2.4) associated to the variational problem sup; G(m, G),
8G(m, F)/8F = 0. On the other hand, §G/6m = —log[F /(1 — F)], so that

LV +8Iom)__\F

om 1-F

This expression does not vanish because F is strictly increasing. Therefore, the extremal
values of V + S are attained at the boundary.

This formal argument can be made rigorous. By the proof of Theorem 7.1 in [6], V and
therefore V 4 S is Gateaux differentiable, and the Gateaux derivative of V 4+ S at m is equal
to —log[F/(1 — F)].

It follows from the previous results and the variational formula (2.5) that for 0 < o <

B <1,
S(Ey=—o00 forE¢[E_,E ]and S(Ey)=0. (5.8)

6 Isentropic Surface

We determine in this section the isentropic surfaces defined by
Ex={E>=0:S,45(E)=K}, K €[0,log2].

@ Springer



Entropy of Stationary Nonequilibrium Measures of Boundary Driven 1033

6.1 The Equilibrium Case

Assume that o = 8. We have already seen right after (2.3) that the energy band is reduced
to the point log2 in the case o = 1/2. Assume therefore that o # 1/2 and fix K € [0, log2).
There exist exactly two solutions 0 <m_(K) < 1/2 <m(K) < 1 of —s(m) = K. Hence,
in view of (2.3), the level set E¢ = {E_(K), E, (K)}, where

E.(K)=—log(1 — ) — log ; iami(l().

For K =log2, £k is the singleton {—(1/2)[loga + log(1 — a)]}.
6.2 The Nonequilibrium Case

Assume now that @ < 8. Let D : R — R be given by D(0) = 6 P'(6) — P(0). Since
D’(0) =6 P"(9) and since, by Lemma 2.1, P is strictly concave, D is strictly increasing on
(—o0; 0] and strictly decreasing on [0, +00). Moreover D(0) =log?2 and, by Lemma 2.1,
limp_, 100 D(B) = 0. In particular, for every K € (0,log?2) there exist exactly two values
0_(K) <0<6,(K) such that 6L(K)P'(6+(K)) — P(0+(K)) =K

Fix 0 < K <log2. By (2.13), E belongs to £k if and only if K =60 P'(6g) — P(0p) =
D(0r), where P'(0r) = E. Hence 0 = 0. (K) so that E = P'(6+(K)) and

Ex ={P'(0:+(K)), P'(0-(K))}.

If we let @ and B vary, we see that the K-isentropic surface is composed of the two
manifolds Ex = P'(64(K)) and E;; = P’(6_(K)) which satisfy

Eg(a, B) < Eg(a, B).

7 Comparison with Local Equilibria

In this section, we compare the entropy function S, g with the entropy function associated to
product measures with a slowly varying density profile that will be called local equilibrium
entropies.

Let vé\{ p be the product probability measure on {0, 1}¥=! given by

N—-1

vg;;(’?) = 1_[ p(x/N)™ (1 _ ﬁ(X/N))I_"X’

x=1
where p : [0, 1] — [«, B] is the stationary profile p(x) = (1 — x)a + x8. Denote by S
Sa 5 : Ry — {—o0} U [0, log?2] the entropy function corresponding to the Gibbs state v/ L
S(E) =lim lim i1o Z H{|N""logv) ,(n) + E| < 8} (7.1)
_8~>0N~>00N g o g ap ] - '
nesiN

whenever the limits exist.
Let P := P, g : R — R be the function defined by

PO=75 / <x9+(1 ))dx
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Lemma 7.1 P isa C? strictly concave function and

PO) - s 5000
Jim —— =Ex,  lim {P6)-6P'©)} =0,

where

. 1 B 1 - 1 B 1
E_= log dx, E,= log — dx.
B—a ), max{x, 1 — x} B—a ), min{x, 1 — x}

Moreover, as 0 — 0,

dx + 0(0?).

- 0 s 1
P(9)=—log2—|—'3_a/a logm

The proof is elementary and left to the reader. It follows from this result that

i P =

Proposition 7.2 For E > 0,

S(E) zgigﬂg{els — P()}.

If E belongs to the energy band (~E~,, E~+2, the infimum is attained at O = QE (o, B) the
unique solution of P’() =E and S(E) =60 E — P(0g). S(E)=—0c0 if E¢[E_, E.] and
S(E+)=0.

Proof Multiplying and dividing the indicator in (7.1) by 2V~!, we reduce the computation
of the entropy to a large deviations problem for independent Bernoulli random variables and
we obtain that

S(E) = sup {S(m) : I(m) +S(m) = E},
memM

where I stands for the large deviations rate function given by

1 —
7’1_1 ) } dx
1 —p(x)

One should compare this expression with the variational formula (2.5) for the nonequilib-
rium entropy.
Repeating the arguments presented in the proof of (2.9), we deduce that

~ o
6 =577 )

where 6 is the unique solution of P’(§) = E. The rest of the proof is similar to the one
of (2.13). O

1
I(m):/ {m(x)log m(x) +[1 = m(x)]log
0 p(x)

Let Eg = P'(0), Eg = P'(0). By Lemmas 2.1 and 7.1,

1 [F 1 . 1 (F 1
mmon(5 [ ) Bom i [l )
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By Jensen’s inequality, E_<E_ E~+ < E, and Ey < E,. Since min{x, 1 — x} < 1/2 <
max{x,1 — x} and /x(1 —x) < 1 /2, we may compare all variables with log?2 to obtain
in the end that E_ < E_ < log2 < Ey < min{E, E+} < max{Ey, E+} < E, in the case
a < f.

The nonequilibrium and the local equilibrium entropy differ. For every 0 <o < 8 < 1,
S < S in the interval (E_, EO) and S < S in the interval (EO, E+)

Indeed, fix E € (E_, Eo). By Jensen’s inequality, 6~ P(@) <67 'P®), 6 € R. There-
fore, for every 6 > 0, 6E — P(0) < 0FE — 15(9). On the other hand, since E < E; and
0, =0, P'(0g) = E < Ey = P'(6g,) = P’(0). Hence, since P’ decreases, 6 > 0. A simi-
lar argument shows that 6z > 0. In conclusion, by the variational formula for the entropies
presented in (2.13) and Proposition 7.2,

S(E) = ginng{OE —P@O)} = Hing{GE — PO}
< inf{0F — P(0)} = Inf{0E — P(O)} = S(E).

A similar argument proves the other claim.

Consider the sequence of random variables Yy(n) = —N”log,ué\f ﬁ(n), YN(n) =
—N~"logv, 4(n) defined on the probability space 2y equipped with the probability mea-
sure M(IX FE v(y p» respectively. By (2.1), the sequence (Yy : N > 1) satisfies a large devi-
ations principle with convex rate function J(E) = E — S(E). By similar reasons, the
sequence (Yy : N > 1) satisfies a large deviations principle with convex rate function
J(E)=E — S(E).

Bahadoran [1] proved that E ugﬁ[YN] and Evév,s [1? v] have the same limit given by the
Gibbs—Shannon entropy ' V

1
E:—/ s(ﬁ(x))dx
0

where p(x) = a 4+ (8 — a)x. This result can be recovered from ours.

Lemma 7.3 The nonnegative rate functions J and J vanish at the same and unique point
E=P(1)=P ).
In particular, Yy under M(’Zﬂ, and Yy under v(yﬁ converge in probability to E.

Proof By Lemma 2.1, the variational formula (2.13) and the assertions following this for-
mula, the nonnegative rate function J is strictly convex on [E_, E.], differentiable in
(E_, E;), and equal to +oo outside of the interval [E_, E;]. It has therefore a unique
minimum E € [E_, E.].

By (2.13) and (2.8), S'(E) = 0 on (E_, E,), where 0 is the unique solution of
P'(#) = E. By Lemma 2.1, limg_,1o P’(6) = E=. It follows from the previous two facts
that limg_, g, J'(E) = £oo. Since J is strictly convex, J has a unique minimizer E in
(E_, E.) solution of 6z = S'(E) = 1. Applying P’ on both sides of this equation, we de-
duce that E = P'(1).

We claim that J(E) = 0. To prove this identity we need to show that S(E) = E or, in
view of (2.13), that 8z E — P () = E. Since 6z = 1, this equation is reduced to P(1) =0,
which is easy to check in view of the explicit formula (2.6) for the nonequilibrium pressure.
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The same argument applies to J and the result follows from the identity
~ 1
P’(l):P/(l):—/ s(o+ (B —a)x)dx. 0
0

In [9, Sect. 7], the authors compute the limit of the variance of the sequences (Yy : N > 1)
and (Yy : N > 1) and show that the limits differ. This result can be recovered from a second
order expansion of the entropy function S g.

We have seen that the rate function J has a unique minimum at E. It is well known
from the theory of large deviations that the asymptotic variance of the sequence Yy is given
by J"(E)~' = —S§"(E)~". Since 0z = 1 and since S is the Legendre transform of the non-
equilibrium pressure P, we have that §”(E) = 1/P”(0z) = 1/P"(1). Hence, —P" (1) is the
asymptotic variance of the sequence Yy.

By taking 6 = 1 in (4.1) we obtain that

, 1 B t 2
—P"(1) = m/a t(1 _t)|:10g<1——l‘>] dt
1 B B »
_ W/a dx/a dy(s(x) —s(y)". (7.2)

A long and tedious computation shows that this expression coincides with the limiting vari-
ance derived in [9].
A similar computation in the equilibrium model gives that the asymptotic variance of the

sequence Yy is equal to
1 [F t \T
—/ t(1—1)|log| — dt.
B—al, 1—t¢

In particular, the asymptotic variance in the nonequilibrium model is strictly bounded above
by the asymptotic variance in the equilibrium model.

Acknowledgements The authors thank B. Derrida for indicating to them Lemma A.l, L. Bertini,
D. Gabrielli, G. Jona-Lasinio and J.L. Lebowitz for fruitful discussions and the referees for their remarks.
The end of Sect. 7, in particular, was added by suggestion of one of the referees. The warm hospitality of
IMPA is also acknowledged by the first author.

Appendix A: The Assumption (H)

The stationary state ,ué\f p Of the symmetric simple exclusion process with open boundary
conditions can be expressed in terms of a product of matrices [9]: There exists matrices D,
E and vectors |V), (W] such that

DE—-ED=D+E, {(1-B)D-BE}V)=]|V),
(WH{aE — (1 —a)D} = (W]
and

wn (1)
(WI(D+ E)N-1Vv)”

1y () = (A1)
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where the weight wy () is given by

ont) :< >

The partition function (W|(D + E)¥~!|V) can be computed explicitly [9, (3.11)]:

N—-1

[[{n@D+[1 —nw)]E}

x=1

N+ 1)!
(WI(D+E)N'|V) = 2((ﬂ :;N (A2)

Decompose the set {1,...,N — 1} into r = g ! adjacent intervals K, ..., K, of size

eN and denote by M = (M, ..., M,) the number of particles in each box. We recall that
,ufy\" 5(-IM) is the probability measure pcfj p conditioned to have M; particles in K, j =
1,...,r.

Let n™, n~ be the configuration in Q2 (M) with all particles in each interval K ; at the left
most, right most positions, respectively. Hence, if K; = {x,...,x.}, M; =M, ntx)=1
ifandonly if x; <x <xp,n (x)=1ifandonly if x; 5 <x <xp.

Lemma A.l ForO<a<B8<1,neQyM),
w(n”IM) < u(mIM) < p(n*M).

Proof This is a simple consequence of the matrix product form of the stationary state.
Let 1 be any configuration in Qy and let 1 <x < N — 1 be any site such that n(x) =1,
n(x + 1) =0. Then, wy (6¥**'n) — wy (1) is equal to

x—1 N—1
<W [[{n0D+[1 =n]ENED — DET ] {n()D+[1 - n(»]E} V>
y=1 y=x+2

- N—-1

)D+[1=nW]END +E] [ ] {n0)D +[1—n(]E}
y=1 y=x+2

)

where &, ¢ are the configuration of Qy_; given by & = (n(1),...,n(x — 1), 1,n(x +
2),...,n(N=1),¢=(),...,n(x—1),0,n(x +2),...,n(N —1)). g

(vl

= —wN_l(é) —wy-1(¢) 0,

Hence, the derivation of the assumption (H) is reduced to the proof that

hg(l)h;,n_fup sup — ‘log 1y 5 (n*IM) —logul) s(n~IM)| =0
or, equivalently, to the proof that
hm lim sup sup — |log My, ﬂ( +) —log ufj_ﬁ(nf)} =0.

N—o0

For each fixed ¢ > 0 and M, the conﬁgurations nT, n~ are associated to density pro-
files p*, p~ : [0,1] — [0, 1] defined by p* =", _,_, I{[( — De, (i — De +p)}, p~ =
leisr Hlie — p;,ie)}, where p; = M;/N, 1 <i <r and 1{A} stands for the indicator
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of the set A. Therefore, by the large deviation principle for the density profiles under the
stationary state M(it\l,ﬂ [2,7,9, 11],

. 1
Jim = log g (1) = = Vs (0%),

where V, g is the functional introduced just before (2.4).
Hence, to prove assumption (H), it remains to show that

limsup| Vi (%) = Vars (07)| =0,
e—0 o

where the supremum is carried over all 0 < p; < ¢, 1 <i <r. Since pE(x)iseither O or 1, we
may replace in the previous formula, V, g by V, s +S. By [3, Theorem 4.1], this functional
is continuous in M. For each ¢ > 0, denote by p** the profiles which attain the previous
supremum with V, g by V, g +S. By compactness of M, there exists a subsequence & | 0
for which

1in(1)sup|Va,,3(,0+) — Vap(p7)]

E—> P
T +, +, _ k) — Ttk
= lim [V 5 (0"%) +8(0™%) = Vs (p7*) = S(p ™)

and p* ¢ converges weakly to some profile p. Clearly, the sequence p ¢ converges weakly
to the same profile p. Since V,, g 4 S is continuous in M, assumption (H) is proved.
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